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Abstract
The quadric Veronesean V 42 in PG(5, q) is characterized as a (q
2 + q + 1)-cap of class [0, 1, 2, 3, q + 1]2 and type
(1, q + 1, 2q + 1)4 of PG(5, q) by Ferri (q odd) and Thas and Van Maldeghem (q even). In this note we generalize this
result slightly by proving that for a (q2+ q + 1)-cap of class [0, 1, 2, 3, q + 1]2 and type (1,m, n)4 of PG(5, q), the parameters
m and n are uniquely determined and equal q + 1 and 2q + 1, respectively.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
A recurring theme in ﬁnite geometry is the characterization of algebraic varieties in PG(n, q), the n-dimensional projective
space over theGalois ﬁeldGF(q), as ﬁnite sets of pointswith certain combinatorial properties. It is of great interest for applications
to study the behaviour of k-sets, i.e. subsets of size k in PG(n, q), with respect to the intersections with all subspaces of a given
dimension d. A k-set K in PG(n, q) is said to be a k-cap if no three points are collinear. We shall call the d-characters of K of
index i, with respect to the subspaces of dimension d, the numbers td
i
= td
i
(K) of the d-subspaces which meet K in exactly i
points. A set K is said to be of class [m1,m2, . . . , ms ]d if
tdi = 0 ⇒ i ∈ {m1,m2, . . . , ms}. (1)
Moreover, a set K of class [m1,m2 , . . . , ms ]d is called as type (m1,m2, . . . , ms)d if
i ∈ {m1,m2, . . . , ms} ⇒ tdi = 0. (2)
A complete characterization of k-sets with more than two characters different from zero with respect to one ﬁxed dimension d
seems to be extremely difﬁcult. Therefore, we shall use the behaviour with respect to more than one dimension. The Veronese
variety of all quadrics of PG(n, q), n1, and q = ph a power of a prime number p, is the variety
V ={(x20 , x21 , . . . , x2n, x0x1, x0x2, . . . , x0xn, x1x2, . . . , x1xn, . . . , xn−1xn)|
(x0, x1, . . . , xn) is a point of PG(n, q)} (3)
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of PG(Nn, q) with Nn = n(n+ 3)/2. Clearly V is a variety of dimension n. It is also called the quadric Veronesean of PG(n, q).
It can be shown that the quadric Veronesean is absolutely irreducible and nonsingular. From now on, the quadric Veronesean of
PG(n, q) will be denoted by V 2nn . For n= 1, the Veronesean V 21 is a conic of PG(2, q). For n= 2, the Veronesean is a surface
V 42 of order 4 in PG(5, q). Apart from the conic, the quadric Veronesean which is most studied and characterized is the surface
V 42 of PG(5, q). An excellent reference is Chapter 25 of Hirschfeld and Thas, see [2]. The quadric Veronesean of the conics of
PG(2, q) V 42 is characterized as a (q
2+ q+ 1)-cap of class [0, 1, 2, 3, q+ 1]2 and type (1, q+ 1, 2q+ 1)4 of PG(5, q) by Thas
and Van Maldeghem, see [4]. In this note we show that the assumptions of Thas and Van Maldeghem can be slightly weakened.
In particular we prove the following
Theorem. A (q2 + q + 1)-cap K of class [0, 1, 2, 3, q + 1]2 and type (1,m, n)4 of PG(5, q) is projectively equivalent with the
quadric Veronesean V 42 .
2. The proof of the theorem
Let K be a k-set and  be any d-dimensional subspace of PG(r, q). Let h denote the maximum number of points that K has
in common with a d-dimensional subspace. By counting in a double way the total number of d-dimensional subspaces, incident
point-d-subspaces pairs (P, ) with P ∈ K ∩ , and triples (P,Q, ) with P,Q ∈ K ∩ , we obtain what are referred to as the
standard equations.
h∑
i=0
ti = r,d ,
h∑
i=1
it i = kr−1,d−1,
h∑
i=2
i(i − 1)ti = k(k − 1)r−2,d−2, (4)
where
ti = tdi (K), r,d =
d∏
i=0
r−i
d−i
is the number of d-dimensional subspaces in PG(r, q), with d0, r−1 = 1 and r =
∑r
i=0 qi is the number of the points
of a projective space PG(r, q). If any three points of K are not collinear then by counting the quadruples (P,Q,R, ) with
P,Q,R ∈ K ∩ , we have the following linear equation:
h∑
i=3
i(i − 1)(i − 2)ti = k(k − 1)(k − 2)r−3,d−3. (5)
From now on let K be a (q2 + q + 1)-cap of class [0, 1, 2, 3, q + 1]2 and type (1,m, n)4. The characters ti = t4i (K) of K satisfy
the following system of linear equations:
t1 + tm + tn = q5 + q4 + q3 + q2 + q + 1,
t1 +mtm + ntn = (q2 + q + 1)(q4 + q3 + q2 + q + 1),
m(m− 1)tm + n(n− 1)tn = (q2 + q)(q2 + q + 1)(q3 + q2 + q + 1),
m(m− 1)(m− 2)tm + n(n− 1)(n− 2)tn
= (q2 + q − 1)(q2 + q)(q2 + q + 1)2. (6)
By the third and the fourth equation of (6) we get
tm = (q
2 + q)(q2 + q + 1)[n(q3 + q2 + q + 1)− q4 − 4q3 − 3q2 − 2q − 1]
m(m− 1)(n−m) ,
tn = (q
2 + q)(q2 + q + 1)[q4 + 4q3 + 3q2 + 2q + 1−m(q3 + q2 + q + 1)]
n(n− 1)(n−m) . (7)
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Since tn0, n2 and n−m1, we get (q4+4q3+3q2+2q+1)−m(q3+q2+q+1)0, and somq+3− q
2+2q+2
q3+q2+q+1<q+3.
Thus 2mq+2. The second equation minus the ﬁrst equation of (6) yields (m−1)tm+ (n−1)tn= (q2+q+1)(q4+q2+q).
By substituting (7), we get
mn(q4 + q2 + q)− (n+m)(q2 + q)(q3 + q2 + q + 1)
+ (q2 + q)(q4 + 4q3 + 3q2 + 2q + 1)= 0. (8)
Therefore, we obtain n as a rational increasing function of m
n= m(q
4 + 2q3 + 2q2 + 2q + 1)− (q5 + 5q4 + 7q3 + 5q2 + 3q + 1)
m(q3 + q + 1)− (q4 + 2q3 + 2q2 + 2q + 1) . (9)
Sincemq + 2, we can writem= q + 2− a, with a an integer such that 0aq. Ifm= q + 2 then n= q2+ 2q + 2+ 2q+2
q2−q−1
which is greater than the size of K, a contradiction. Hence, mq + 1 and a1. If m = q + 1 then n = 2q + 1; this is the case
a = 1. Now we show that a = 1 is the unique admissible case. If m = q then n = q + 2 + q2 − 14 − 14 11q
2−15q−9
2q3+q2+q+1 . For q2
we have that 0< 11q
2−15q−9
2q3+q2+q+1 < 1. Therefore,− 12 <− 14 − 14
11q2−15q−9
2q3+q2+q+1 < 0 and n= q + 2+
q
2 − 14 − 14 11q
2−15q−9
2q3+q2+q+1 is not
an integer. So if m = q + 1 then mq − 1. Thus, if a = 1, then a3. By substituting m= q + 2− a we get
n= (a + 1)q
4 + (2a + 1)q3 + (2a − 1)q2 + (2a − 2)q + (a − 1)
aq3 + q2 + (a − 1)q + (a − 1) . (10)
Since nmust be an integer, the integer value polynomial aq3+q2+ (a−1)q+ (a−1)must divide the integer value polynomial
(a + 1)q4 + (2a + 1)q3 + (2a − 1)q2 + (2a − 2)q + (a − 1) and the rest
(a3 − 3a2 + a + 1)q2 − (a3 − 2a + 1)q − (a3 − a2 − a + 1)
a2
(11)
must be equal to zero. Since a= 1 is a root of the polynomial (q2 − q − 1)a3 − (3q2 − 1)a2 + (q2 + 2q + 1)a+ (q2 − q − 1),
we get
(q2 − q − 1)a3 − (3q2 − 1)a2 + (q2 + 2q + 1)a + (q2 − q − 1)
= (a − 1)[(q2 − q − 1)a2 − (2q2 + q)a − (q2 − q − 1)]. (12)
The second degree polynomial (q2 − q − 1)a2 − (2q2 + q)a − (q2 − q − 1) has two roots
a1,2= 2q
2 + q ±
√
8q4 − 4q3 − 3q2 + 8q + 4
2(q2 − q − 1)
= 1+ 3q + 2±
√
8q4 − 4q3 − 3q2 + 8q + 4
2q2 − 2q − 2 . (13)
We get
a2= 1+ 3q + 2+
√
8q4 − 4q3 − 3q2 + 8q + 4
2q2 − 2q − 2 < 1+
3q + 2+
√
9q4
2q2 − 2q − 2
= 1+ 3q
2 + 3q + 2
2q2 − 2q − 2 .
The decreasing function 3q
2+3q+2
2q2−2q−2 is less than 2 for q8. Therefore for q8 we get a < 3, a contradiction. For q = 2, 3, 4, 5, 7
one can compute directly that the two roots a1 and a2 are not integers. Hence n is an integer if and only if a = 1. Thus
m = q + 1, n = 2q + 1 and K is a (q2 + q + 1)-cap of class [0, 1, 2, 3, q + 1]2 and of type (1, q + 1, 2q + 1)4 of
PG(5, q). Then K is projectively equivalent with the quadric Veronesean V 42 , in view of the results contained in [4], see also
[1] and [3].
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